Abstract. We introduce the notions of h-conformal slant submersions and almost h-conformal slant submersions from almost quaternionic Hermitian manifolds onto Riemannian manifolds as a generalization of Riemannian submersions, horizontally conformal submersions, slant submersions, h-slant submersions, almost h-slant submersion and conformal slant submersions.
Introduction
One of the most significant works on Riemannian submersions was introduced by B. O'Neill [24] in 1966. Building on this work, B. Watson [33] introduced the notion of almost Hermitian submersions in 1976. In this study, he investigated several differential geometric properties between base manifolds and total manifolds as well as fibers.
In addition, during the 1970s, as a generalization of Riemannian submersions, B. Fuglede [10] and T. Ishihara [18] introduced a horizontally conformal submersion.
Later in 1997, S. Gudmundsson and J. C. Wood [16] developed conformal holomorphic submersions between almost Hermitian manifolds. And they found the condition for a conformal holomorphic submersion to be a harmonic morphism.
This work was further developed by B. Sahin [30] when he defined a slant submersion from an almost Hermitian manifold onto a Riemannian manifold in 2011. This development led him to obtaining several properties including the integrability of distributions, the geometry of foliations, the conditions for such maps to be harmonic or totally geodesic as well as decomposition theorems.
Related work was conducted by Park [25] in 2012, with the generalization of a slant submersion from an almost Hermitian manifold, introducing the concept of an h-slant submersion and an almost h-slant submersion from an almost quaternionic Hermitian manifold.
In 2017, M. A. Akyol and B. Sahin [3] defined a conformal slant submersion from an almost Hermitian manifold onto a Riemannian manifold.
If we consider a Riemannian submersion with some additional conditions, we get many different types of submersions: An almost Hermitian submersion [33] , a slant submersion [8, 30] , a semi-slant submersion [29] , a quaternionic submersion [19] , an anti-invariant quaternionic submersion and an anti-invariant octonion submersion [13] , a horizontally conformal submersion [15, 7] , a conformal anti-invariant submersion [2] , an h-conformal semi-invariant submersion and an almost h-conformal semi-invariant submersion [28] . We also refer [12, 26, 31, 22, 27] .
The Riemannian submersions have had several applications in physics throughout the years. These have included use as inputs to the Yang-Mills theory [6, 34] , Kaluza-Klein theory [20, 5] , supergravity and superstring theories [21, 23] . Furthermore, the quaternionic Kähler manifolds have been applied for nonlinear σ−models with supersymmetry [9] . This paper has been structured as follows. In section 2 we review several notions, which are required in the following sections. In section 3 we introduce the notions of h-conformal slant submersions and almost h-conformal slant submersions and investigate several of their properties: the geometry of foliations, the integrability of distributions, the harmonicity of such maps and the conditions for such maps to be totally geodesic and some others.
In the final section 4, we provide some examples of h-conformal slant submersions and almost h-conformal slant submersions.
Preliminaries
In this section we review several important concepts required for the following sections.
Let (M, g M ) and (N, g N ) be Riemannian manifolds. We say that a smooth surjective map
⊥ is the orthogonal complement of the space ker(F * ) p in the tangent space T p M of M at p [11, 14, 24] .
The map F is said to be horizontally weakly conformal [7] if it satisfies either (i) (F * ) p = 0 or (ii) (F * ) p is surjective and there exists a positive number λ(p) > 0 such that
at any point p ∈ M . In the event that the map is applicable only at a certain point p, then it is called horizontally weakly conformal at p. If it holds with type (i) then the point p is called a critical point, similarly if it holds with type (ii), we call the point p a regular point. Further, the positive number λ(p) is called a dilation of F at p. A horizontally weakly conformal map F is said to be a horizontally conformal submersion if F has no critical points. Let F : (M, g M ) → (N, g N ) be a horizontally conformal submersion. Let V be the vertical projection (distribution) and H the horizontal projection (distribution).
The (O'Neill) tensors T and A were defined by
for E, F ∈ Γ(T M ), where ∇ is the Levi-Civita connection of g M ( [24, 11] ). Then we easily obtain that
be a smooth map. Then the second fundamental form of F is provided by
where ∇ F is the pullback connection and ∇ is the Levi-Civita connection of the metrics g M and g N [7] .
We note that if the tension field τ (F ) := trace(∇F * ) = 0, then F is called a harmonic map and if (∇F * )(X, Y ) = 0 for X, Y ∈ Γ(T M ) then F is called a totally geodesic map [7] .
Remark 2.2. By (2.6), the second fundamental form ∇F * is shown to be symmetric. Additionally we obtain
for V ∈ Γ(ker F * ) and X ∈ Γ((ker F * ) ⊥ ).
be a horizontally conformal submersion with dilation λ. Then we get
, where ∇ V is the gradient vector field in the vertical dis-
Proof. Given V, W ∈ Γ(ker F * ) and X ∈ Γ((ker F * ) ⊥ ), we obtain
which implies (2.9).
Remark 2.5. Considering (2.8), for a horizontally conformal submersion F ,
Let (M, g M , J) be an almost Hermitian manifold, where J is an almost complex structure on M . A horizontally conformal submersion F : (M, g M , J) → (N, g N ) is called a conformal slant submersion [3] if the angle θ = θ(X) between JX and the space ker(F * ) p is constant for nonzero X ∈ ker(F * ) p and p ∈ M .
Let M be a C ∞ -manifold of dimension 4m and let E be a subbundle of End(T M ) such that given p ∈ M with a neighborhood U , there exists a local basis {I, J, K} of sections of E on U such that (2.11)
Then the subbundle E is said to be an almost quaternionic structure on M and (M, E) an almost quaternionic manifold [1] . Additionally, if we have a Riemannian metric g on (M, E) such that
for R ∈ {I, J, K} and X, Y ∈ Γ(T M ), then we call (M, E, g) an almost quaternionic Hermitian manifold [19] . [17, 19] ).
If we have a global quaternionic Hermitian basis {I, J, K} of sections of E on M such that R is parallel with respect to the Levi-Civita connection ∇ of the metric g for any R ∈ {I, J, K}, then we call (M, E, g) a hyperkähler manifold, (I, J, K, g) a hyperkähler structure on M , and g a hyperkähler metric [4] .
Let (M, E, g M ) be an almost quaternionic Hermitian manifold and (N, g N ) a Riemannian manifold. A Riemannian submersion F : (M, E, g M ) → (N, g N ) is said to be an almost h-slant submersion if given a point p ∈ M with a neighborhood U , there exists a quaternionic Hermitian basis {I, J, K} of sections of E on U such that given R ∈ {I, J, K}, the angle θ R = θ R (X) between RX and the space ker(F * ) q is constant for nonzero X ∈ ker(F * ) q and q ∈ U [25] .
We call such a basis {I, J, K} an almost h-slant basis.
We call such a basis {I, J, K} an h-slant basis and the angle θ an h-slant angle. Throughout this paper, we will use the above notations.
Almost h-conformal slant submersions
In this section, we introduce the notions of h-conformal slant submersions and almost h-conformal slant submersions from almost quaternionic Hermitian manifolds onto Riemannian manifolds. We will study the integrability of distributions and the geometry of foliations. And we investigate the harmonicity of such maps and the conditions for such maps to be totally geodesic. Definition 3.1. Let (N, g N ) be a Riemannian manifold and (M, E, g M ) an almost quaternionic Hermitian manifold. Let F : (M, E, g M ) → (N, g N ) be a horizontally conformal submersion. We call the map F an almost h-conformal slant submersion if given a point p ∈ M with a neighborhood U , there exists a quaternionic Hermitian basis {I, J, K} of sections of E on U such that given R ∈ {I, J, K}, the angle θ R = θ R (X) between RX and the space ker(F * ) q is constant for nonzero X ∈ ker(F * ) q and q ∈ U .
We call such a basis {I, J, K} an almost h-conformal slant basis and the angles θ I , θ J , θ K slant angles.
We call such a basis {I, J, K} an h-conformal slant basis and the angle θ h-slant angle.
Let F be an almost h-conformal slant submersion from an almost quaternionic Hermitian manifold (M, E, g M ) onto a Riemannian manifold (N, g N ). Given a point p ∈ M with a neighborhood U , we get an almost h-conformal slant basis {I, J, K} of sections of E on U .
Then given V ∈ Γ(ker F * ) and R ∈ {I, J, K}, we have
⊥ ) and R ∈ {I, J, K}, we write
where B R X ∈ Γ(ker F * ) and C R X ∈ Γ((ker F * ) ⊥ ). Given R ∈ {I, J, K}, we obtain the orthogonal decomposition
We can easily check that µ R is R-invariant for R ∈ {I, J, K}. Furthermore, given V ∈ Γ(ker F * ), X ∈ Γ((ker F * ) ⊥ ), and R ∈ {I, J, K}, from
And we also have
Then we easily obtain the following:
be an almost h-conformal slant submersion with (I, J, K) an almost h-conformal slant basis. Then we have
(1)
, and R ∈ {I, J, K}.
We define
We call φ R and ω R parallel if ∇φ R = 0 and ∇ω R = 0, respectively.
for V ∈ Γ(ker F * ) and R ∈ {I, J, K}, where (I, J, K) is an almost h-conformal slant basis with the slant angles θ I , θ J , θ K .
Proof. If V = 0, then the result immediately follows. Given a nonzero vector V ∈ ker(F * ) p , p ∈ M , we obtain
By polarization, we get
it shows the result.
Remark 3.5. Let F be an almost h-conformal slant submersion from an almost quaternionic Hermitian manifold (M, E, g M ) onto a Riemannian manifold (N, g N ).
Then given an almost h-conformal slant basis (I, J, K) with the slant angles θ I , θ J , θ K , we easily have
for V, W ∈ Γ(ker F * ) and R ∈ {I, J, K}.
be an almost h-conformal slant submersion with (I, J, K) an almost h-conformal slant basis. Assume that ω R is parallel for R ∈ {I, J, K}. Then we get
Proof. Since ω R is parallel for R ∈ {I, J, K}, by (3.9), we have (3.14)
Given V ∈ Γ(ker F * ) and X ∈ Γ((ker F * ) ⊥ ), by using (3.14) and (2.9), we obtain
which implies the result. Proof. We may assume that ω I is parallel with the slant angle 0 ≤ θ I < π 2 . By (3.10), we can choose a local orthonormal frame {e i } 2n i=1 of ker F * such that e 2i = sec θ I φ I e 2i−1 for 1 ≤ i ≤ n.
Then by (3.13), we have
Therefore, the result follows. Now, we study the integrability of distributions and the geometry of foliations. 
Proof. Given X, Y ∈ Γ((ker F * ) ⊥ ), V ∈ Γ(ker F * ), and R ∈ {I, J, K}, by using (2.10), we get
Therefore, the result follows.
We deal with the condition for an almost h-conformal slant submersion to be horizontally homothetic. 
Proof. Given X, Y ∈ Γ((ker F * ) ⊥ ), V ∈ Γ(ker F * ), and R ∈ {I, J, K}, by the assumption, we obtain
Conversely, from (3.15), we get
If Y ∈ Γ(µ R ), then by using (3.16) and (3.3), we have
Applying X = RY at (3.17), we get
Applying X = ω R V at (3.17), we obtain
By (3.19) and (3.20), we have (b) ⇒ (a), (c) ⇒ (a), (d) ⇒ (a).
Therefore, the result follows. 
Proof. Given X, Y ∈ Γ((ker F * ) ⊥ ), V ∈ Γ(ker F * ), and R ∈ {I, J, K}, we obtain
Proof. Given X, Y ∈ Γ((ker F * ) ⊥ ), V ∈ Γ(ker F * ), and R ∈ {I, J, K}, by Theorem 3.10, we obtain
Conversely, from (3.21), we get
Applying X = RY at (3.23), we obtain
Applying X = ω R V at (3.23), by using (3.3) and (3.12), we get
By (3.25) and (3.27), we have (
Proof. Given V, W ∈ Γ(ker F * ), X ∈ Γ((ker F * ) ⊥ ), and R ∈ {I, J, K}, we have
Therefore, we obtain the result.
We recall the following: N ) be a horizontally conformal submersion with dilation λ. Then we have
where τ (F ) and H denote the tension field of F and the mean curvature vector field of ker F * , respectively, m = dim ker F * , n = dim N .
Using Lemma 3.13 and Theorem 3.7, we obtain (N, g N ) be an almost hconformal slant submersion with (I, J, K) an almost h-conformal slant basis. Then given R ∈ {I, J, K}, we call the map F (ω R ker F * , µ R )-totally geodesic if it satisfies (∇F * )(ω R V, X) = 0 for V ∈ Γ(ker F * ) and X ∈ Γ(µ R ). 
Proof. Given V ∈ Γ(ker F * ), X ∈ Γ(µ R ), and R ∈ {I, J, K}, by using (2.10), we get
Hence, we obtain (a)
Proof. Given V, W ∈ Γ(ker F * ) and R ∈ {I, J, K}, we have
We claim that F is horizontally homothetic if and only if (∇F * )(X, Y ) = 0 for X, Y ∈ Γ((ker F * ) ⊥ ). By (2.10), we get
for X, Y ∈ Γ((ker F * ) ⊥ ) so that the part from left to right is obtained. Conversely, from (3.30), we have
Applying X = Y at (3.31), we obtain
Taking the inner product with F * X at (3.32), we get
which implies the result.
Given V ∈ Γ(ker F * ) and X ∈ Γ((ker F * ) ⊥ ), we have
We consider a decomposition theorem. Denote by M ker F * and M (ker F * ) ⊥ the integral manifolds of ker F * and (ker F * ) ⊥ , respectively. Using Theorem 3.10 and Theorem 3.12, we get 
for X, Y ∈ Γ((ker F * ) ⊥ ) and V, W ∈ Γ(ker F * ).
Examples
With coordinates (x 1 , x 2 , · · · , x 4m ) on the Euclidean space R 4m , we choose the following complex structures I, J, K on R 4m :
I( for k ∈ {0, 1, · · · , m − 1}.
Then we can see that (I, J, K, g) is a hyperkähler structure on R 4m , where g stands for the Euclidean metric on R 4m . Throughout this section, we will maintain the same notational conventions. 
